A multi-scale homogenization scheme is proposed to estimate the time-dependent strains of fiber-reinforced concrete. This material is modeled as an aging linear viscoelastic composite material featuring ellipsoidal inclusions embedded in a viscoelastic cementitious matrix characterized by a time-dependent Poisson's ratio. To this end, the homogenization scheme proposed in [1] is adapted to the case of a time-dependent Poisson's ratio and it is successfully validated on a non-aging material computed in the Fourier domain. Finally, the new extended estimates of the time-dependent strains of fiber-reinforced concrete are compared to the experimental measurements of Chern and Young [2] and the effects of the volume fraction and aspect ratio of the steel fibers on the time-dependent strains of fiber-reinforced concrete are investigated.
Introduction
Fiber-reinforced concrete can be modeled as an aging linear viscoelastic materials: a uniform stress induces a proportional time-dependent strain. Moreover, it can be described as a matrix-inclusion composite material. Two scales are distinguished: the mesoscopic scale (Fig. 1b) , where inclusions larger than 100µm are accounted for, and the microscopic scale of the cement paste (Fig. 1a) . The basic creep of concrete stems from the microscopic scale [3] and homogenization methods have been applied to bridge the gap between the scales [4, 5, 6, 7] . Some aspects of fiber-reinforced concrete make it challenging.
The aspect ratio of steel fibers in fiber-reinforced concrete can be as large as a/b = 100 [2] : full 3D numerical simulations [6, 8, 7] would hardly take account of such aspect ratios for the moment since the RVE would be too large and the details too small to be accurately depicted.
Mori-Tanaka homogenization scheme to estimate the time-depend strains of an asphalt concrete at 0°C [22] . The estimate of the complex Young modulus is successfully compared to the corresponding estimate computed in the Fourier space, hence validating the proposed approximation of the viscoelastic Eshelby's tensor.
In the second section, the proposed procedure is applied to a fiber-reinforced concrete. The estimates of the time-dependent strains are compared to the experimental data of Chern and Young [2] . Finally, the effects of the volume fraction and aspect ratio of the steel fibers on the time-dependent strains of fiber-reinforced concrete are estimated.
1. Semi-analytical homogenization of aging viscoelastic materials 1.1. Aging viscoelasticity and time-independent Poisson's ratio 1.
Aging viscoelasticity
The stress tensor σ(t) in a viscoelastic material depends on the history of strain tensor ε(t). If the constitutive law is linear, the Boltzmann superposition principle states that the material properties are defined by a relaxation function (fourth order tensor), C(t, t ), such that:
where the integral is a Stieltjes integral. Similarly, the compliance function (fourth order tensor), J(t, t ) is such that:
If the elapsed time since loading is the only relevant parameter, the material is non-aging:
However, the assumption of non aging is not made in the following derivations. If the viscoelastic behavior is isotropic, a spherical relaxation function K(t, t ) and a deviatoric relaxation function G(t, t ) are defined, such that:
where e(t) = tr(ε(t))/3, p(t) = tr(σ(t))/3. The tensors σ d (t) and ε d (t) are respectively the deviatoric parts of σ(t) and ε(t): σ d ij (t) = σ ij (t) − p(t)δ ij ε d ij (t) = ε ij (t) − e(t)δ ij (5) where δ ij is the Kronecker symbol. Similarly, the spherical part k(t, t ) and the deviatoric part g(t, t ) of the compliance are defined, such that: e(t) = t −∞ 3k(t, t )dp(t )
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The aging viscoelastic constitutive phases of the composite materials considered in [1] are supposed to have a time-independent Poisson's ratio ν, defined as: ν = 3K(t, t ) − 2G(t, t ) 2(3K(t, t ) + G(t, t ))
Hence, the relaxation tensors of these materials have the following property [23] :
where C(0, 0) is the instantaneous elastic stiffness at t = 0 and f (t, t ) is a scalar function such that f (0, 0) = 1.
Existing framework for homogenization 1.2.1. Eshelby's solution for aging viscoelastic materials
The results presented in [1] are briefly recalled in the following paragraphs. Let us consider here an elastic solid of stiffness C(0, 0) that undergoes a uniform eigenstrain ε * in a bounded domain V of characteristic function χ V (x). Because of the linearity of the equations governing local strain and stress fields, the strain ε(x) at any point x in the body is a linear function of the eigenstrain ε * :
Let us consider now an aging viscoelastic solid of relaxation tensor C(0, 0)f (t, t ) that undergoes an history of eigenstrain ε * (t) in the bounded domain V . The strain field history ε(t, x) = S(x) : ε * (t) is the solution to the aging viscoelastic problem [1] . In particular, if the bounded domain V is of ellipsoidal shape, Eshelby [24] showed that the tensor S(x) is uniform on the inclusion and Eshelby's tensor S is defined. Consequently, for all eigenstrain histories ε * (t), the uniform strain field in the ellipsoidal inclusion ε(t) reads:
Definition of Volterra's tensorial operators and properties
The tensorial Volterra operators described by Sanahuja [21] have interesting properties which ease further computations. Let C a (t, t ) and C b (t, t ) be two relaxation tensors (order 4) and ε(t) be an history of the strain field (tensor of order 2). The tensorial Volterra operator of order 2, noted as: is the operator such that:
It must be noticed that:
where H(t − t ) is Heaviside's function and 1 4 is the unit tensor of order 4. The tensorial Volterra operator of order 4 is such that:
Some properties of these operators are listed in the current section. Their proofs, in [1] , rely on the causality principle. Obviously, these operators are bilinear. Moreover, the right and left identity of the tensorial Volterra operator of order 4 is H(t − t )1 4 :
These operators can be associated:
The tensorial Volterra operator of order 4 is associative:
Nevertheless, the Volterra operator is not commutative. The inverse of the relaxation tensor C a is the compliance tensor C −1 a such that:
The left and right inverses are equal since the Volterra operator is associative. These notations are applied to the viscoelastic Eshelby's solution. The strain history in the inclusion ε reads:
The stress history in the inclusion reads:
The approximated viscoelastic Eshelby's tensor
The exact solution to the aging viscoelastic Eshelby's problem has been derived in [1] for material having a relaxation tensor complying with the property (8) . Noticing that the variations of the Poisson's ratio of a compliance J(t, t ) are limited, the idea is to represent this compliance as a sum of a compliance featuring a time independent Poisson's ratio plus a small correction term. So the first step is to define a reference compliance J m (t, t ) with a time-independent Poisson's ratio.
The isotropic compliance tensor J(t, t ) features a spherical part k(t, t ) and deviatoric part g(t, t ). Since the Poisson's ratio of the reference compliance J m (t, t ) is time-independent, its spherical part is k m (t, t ) and its deviatoric part is αk m (t, t ) where α is a positive scalar. The scalar α and k m (t, t ) are defined so as to minimize a difference between J(t, t ) and J m (t, t ):
where the scalar A > 0 represents the relative weight of the spherical and deviatoric parts of the compliance. A is set to 1. This definition of the distance between J(t, t ) and J m (t, t ) ensures that J(t, t ) and J m (t, t ) are identical if and only if J(t, t ) features a time-independent Poisson's ratio. Indeed, the application which associates the reference compliance J m (t, t ) to the compliance J(t, t ) is idempotent. By differentiating the expression with respect to k r (t, t ), the minimum (α, k m (t, t )) must satisfy the following equation:
Hence, k m (t, t ) is computed according to the following equation:
These two equations are combined and the result is differentiated with respect to α:
The scalar α is a root of the quadratic polynomial presented in the previous equation. Consequently, α is:
In the equation above, ∆ reads:
The scalar α is related to the Poisson's ratio of the reference material: (27) It must be noticed that α is positive and −1 < ν m < 0.5. Hence, the compliance of the reference material J m (t, t ) satisfies the thermodynamic restrictions listed in [25] .
From a practical point of view, time is discretized into steps 0 < t 0 < ... < t n and integrals are approximated as sums. For instance:
Hence, the time-independent Poisson's ratio of J m (t, t ) depends on the compliance J(t, t ) and considered time steps 0 < t 0 < ... < t n . The second step is to define an approximated viscoelastic Eshelby's tensor for J(t, t ) by using the reference compliance J m (t, t ). To this end, it is now assumed that the difference ∆J(t, t ) = J(t, t ) − J m (t, t ) is small:
The tensor ε * (t) being the history of the eigenstrain in the ellipsoid χ V , the Eshelby's solution for material J m (t, t ) is computed as ε m = S m (x):ε * and the stress field history σ m = J −1 m: ε m is equilibrated. The Eshelby's solution for material J(t, t ) is expressed as :
where the correction to the stress field ∆σ << σ m and the correction to the strain field ∆ε << ε m are assumed to be small. Consequently, ∆σ is equilibrated at all times and ∆ε is compatible at all times. Moreover, the following equations stand:
The second equation is subtracted from the first and the term ∆J:∆σ is neglected:
Hence, ∆ε is Eshelby's solution for material J m (t, t ) and eigenstrain history ∆ε * = ∆J(t, t )):σ m . This eigenstrain history is uniform on the ellipsoidal inclusion, it's value being:
where S m is the viscoelastic Eshelby's tensor of material J m (t, t ). The eigenstrain history is assumed to be null out of the ellipsoid to solve Eshelby's problem:
Finally, the approximated solution reads:
The approximated localization tensor S(x) = (S m (x) + S m (x):∆J:J −1 m: (S m − H1 4 )) is uniform on the ellipsoid and an expression of the approximated viscoelastic Eshelby's tensor for the material J(t, t ) reads:
The equation above can be pictured as a linear approximation of the viscoelastic Eshelby's tensor on the space of compliances having J m as reference compliance. Errors are triggered by assuming the eigenstrain history ∆ε * to be null outside of the ellipsoid in equation (34) and by neglecting the term ∆J:∆σ in equation (32) . The effect of these approximations on the estimated overall response of a composite material is investigated in section 1.4.2, on a non-aging material, where a reference solution can be computed in the Fourier domain.
Applying the approximated scheme to non-aging asphalt concrete
Eshelby's reasoning to extend Eshelby's solution to the inhomogeneity problem of an ellipsoidal inclusion having an elastic stiffness differing from the one of the remainder is applied to aging viscoelastic materials as in [1] . Furthermore, the Mori-Tanaka scheme is adapted to produce estimates of the compliance of composite viscoelastic materials such as asphalt concrete. 7
Extension to the inhomogeneous inclusion
Eshelby's reasoning to extend Eshelby's solution to the case of an inhomogeneous inclusion is still valid [1] . The expression of a localization tensor for the inhomogeneous inclusion ε l = T:E has been derived. It is similar to the elastic case, expect for the use of the Volterra's operator:
This result is restricted to an isotropic viscoelastic reference material C. It must be noticed that there is no restriction on C i . For instance, the relaxation function C i can correspond to an anisotropic aging viscoelastic material.
The Mori-Tanaka homogenization scheme. Mean field homogenization schemes considered in the present study are the Hashin-Shtrikman lower bound [26] or the Mori-Tanaka scheme [9] , as reconsidered by Benveniste [10] . These mean field methods rely on Eshelby's equivalent inclusion theory [24] to estimate the stress concentrations in ellipsoidal inclusions. The elastic Mori-Tanaka estimate C e M T accounts for the volume fraction of inclusions c i and the distribution of orientations of inclusions f (ψ). It is the solution of equation:
Here, C i (ψ) is the elastic stiffness of inclusions having orientation ψ ; C(0, 0) is the elastic stiffness of the matrix ; T e (ψ) is the strain concentration tensor expressing the strain in the inclusions having orientation ψ as a linear function of the strain at infinity, C(0, 0) being the elastic stiffness tensor of the reference material. Tensors C i (ψ) and T e (ψ) are computed by rotating C i (0) and T e (0) using Bond transformations [27, 28] . The equation (38) is extended to the case of viscoelastic materials [21] :
where T(ψ) is derived by rotating T(0), which expression is given in equation (37) . The relaxation tensor of the overall material C M T is computed as:
Numerical computation. Following [21] and [29] , time is discretized into steps 0 < t 0 < ... < t n and a quadrature rule is used to approximate integrals and solve the Volterra's equation. Hence, strain history and stress history are represented as vectors
The relaxation function C is represented as a matrix C such that σ = C.ε. As written in references [21, 1] , its generic blocks of size 6 × 6 reads:
This matrix is lower triangular per block, as could have been anticipated from the causality principle. An elastic behavior corresponds to a diagonal per block matrix. Computing T and C M T resumes to matrix-matrix products, matrix-vector products and inverting a lower triangular per block matrices. It must be noticed that the last step is equivalent to time-stepping if blocked lines are inverted one after another [30] .
Validation of the proposed method against a reference solution on asphalt concrete
The asphalt concrete is a composite material made of elastic inclusions embedded in a bitumen and bitumen is a non-aging viscoelastic material. Consequently, the overall complex Young modulus of asphalt concrete may be estimated by analytical homogenization in the Fourier space. Moreover, it is a good candidate to validate the method described above since bitumen does not feature a time-independent Poisson's ratio.
The non-aging viscoelastic behavior of bitumen. The Poisson's ratio of asphalt concrete increases with temperature [22, 31, 32] and testing time [33, 32] and decreases with frequency [22, 31, 34, 32] . The viscoelastic behavior of bitumen is commonly assumed to be purely deviatoric [35, 36, 37 ] to model asphalt concrete as a composite material by discrete elements [38, 39] . This hypothesis is valid only at high temperature and low frequencies [22] . The non-aging viscoelastic behavior of bitumen exhibits a change of Poisson's ratio with time elapsed since loading. It is well modeled by the 2S2P1D model [40, 41] . In this model, the complex Young Modulus E * (ω) is a function of the pulsation ω:
where E 0 , E ∞ , δ, τ, h, k and β are scalar parameters adjusted on experimental results. Values presented in table 1 describe the master curve of a pure 50/70 penetration grade bitumen [22] at 0°C. The bitumen of grade 50/70 is normally used in the construction of pavements in France [42] . A complex viscoelastic Poisson's ratio ν * (ω) is accounted for thanks to the following equation [22] :
where ν ∞ = 0.5 and ν 0 = 0.36 respectively corresponds to low frequencies and high frequencies. A series of non-aging Kelvin chains, named a DBN model [43] in the range of asphalt concrete, is adjusted to this compliance in the frequency domain, following the procedure of Di Benedetto et. al. [22] . The obtained values for parameters of the Kelvin chains are displayed in table 1. The change of the Poisson's ratio of bitumen from 0.38 to nearly 0.5 as the frequency is increased is a challenge for the approximated homogenization scheme proposed in the present article. Indeed, the value of 0.5 corresponds to incompressible materials : in 9 
Here, C i (ψ) is the elastic stiffness of inclusions having orientation ψ ; C ω m is the elastic stiffness of the matrix corresponding to ω ; T ω (ψ) is the strain concentration tensor expressing the strain in the inclusions having orientation ψ as a linear function of the strain at infinity, C ω m being the elastic stiffness tensor of the reference material. Tensors C i (ψ) and T ω (ψ) are computed by rotating C i (0) and T ω (0) using Bond transformations [27, 28] . Formula to compute T p (0) in the local reference are recalled in references [44, 45, 46] .
Results on asphalt concrete. On the one hand, for a given frequency, the complex Young modulus and the Poisson's ratio of an asphalt featuring 32% of circular inclusions are estimated by the Mori-Tanaka scheme in the Fourier space. On the other hand, the proposed approximated homogenization scheme computes estimates of the time dependent strains in the time domain. Hence, a sinusoidal loading σ x (t) = sin(ωt) is applied and the magnitude and the phase of the complex Young modulus are identified on the corresponding time-dependent strains ε x (t). ε x (t) is identified as the sum of a periodic 10 
where |A| is related to the magnitude of E(ω) and φ to its phase. The scalars B and O corresponds respectively to the transient state and the offset. The overall Young Modulus estimated by the proposed approximated homogenization scheme is close to the one obtained by using the Fourier method (Fig.2) : both the magnitude and the phase coincide. Indeed, the relative difference between the estimates of the magnitude of the inverse of the complex Young modulus is lower than 2% for frequencies between 0.1 Hz and 100000 Hz. Hence, the approximated viscoelastic Eshelby's tensor introduced to extend the analytical viscoelastic homogenization method to the case of a variable Poisson's ratio is validated. The proposed homogenization scheme is applied to an aging material in the next section. 2. Applying the proposed scheme to fiber-reinforced concrete
Fiber reinforced concrete as a multi-scale material
First, the behavior of the cement paste is estimated by the Mori-Tanaka scheme, the Calcium-Silicate-Hydrate (C-S-H) phase of the cement paste being the matrix. Then, the overall behavior of the fiber-reinforced concrete is estimated by the approximated Mori-Tanaka scheme, the cement paste being the matrix. Since the estimated relaxation tensor of the cement paste is produced by an homogenization scheme at the microscopic scale, its Poisson's ratio is time-dependent [ Fig. 4 ] and the approximated homogenization scheme must be applied at the mesoscopic scale.
The fiber-reinforced concrete is to be described at each scale. In particular, the volume fraction of each phase and the corresponding behavior are presented.
The mesoscopic scale
At the mesoscopic scale, the Mori-Tanaka scheme is used, the cement paste being the reference material. Aggregates and steel fibers are considered as elastic for the present study, the cement paste being the sole responsible for the viscoelastic behavior of concrete. Their Young Moduli and Poisson's ratios are reported in table 2. Trapped air and entrained air are also accounted for in our homogenization method. Considered volume fractions of each phase are reported in table 2.
At the mesoscopic scale, the formulations of concrete may include aggregates [47] , steel fibers [2] , expanded polystyrene particles [48, 49] or wood shavings [50] as inclusions and such inclusions change the mechanical properties of the material. Indeed, experimental tests have shown that a volume fraction of 2% of steel fibers can reduce the basic creep of concrete [2] .
The microscopic scale
The homogenization scheme of Mori-Tanaka is applied to upscale the viscoelastic behavior of the cement paste. This scheme has been used to estimate the time-dependent strain of a two-year old cement paste in the range of non-aging viscoelasticity [6] . Indeed, The overall behavior of the concrete is estimated by a two-step homogenization procedure. First, the behavior of the cement paste is estimated by the Mori-Tanaka scheme, the C-S-H being the reference material. Then, the behavior of the concrete is estimated by the Mori-Tanaka scheme, the cement paste being the reference material.
at the microscopic scale, the cement paste is a viscoelastic composite material. The fresh Portland cement paste consists in a mix of water and unhydrated cement particles. Hydration reactions produce various solid phases which represent the major part of an hydrated cement paste. Among them, the C-S-H phase percolates and constitutes the solid skeleton of the cement paste, thus increasing its stiffness. Other products of hydration of a cement paste include portlandite and ettringite. Since the volume of the products of the hydration is larger than the one of the solid reactants, the capillary porosity decreases with time. It must be mentioned that this use of the Mori-Tanaka scheme was validated against 3D numerical simulations in the range of non-aging cementitious materials at the scale of the cement paste [6] and concrete [8] . The novelty of the multi-scale homogenization method presented in the current section is that it is able to account for the aging of phases. Nevertheless, instead of modeling the hydration of the cement paste, it is assumed that the only effect of hydration is an increase of stiffness of C-S-H. Hence, the volume fraction of each phase is time-independent and set equal to the one estimated at 28 days by the hydration model of Jennings and Tennis [51] , the one of Bernard et. al. [52] or the numerical hydration model CEMHYD3D [53, 54, 55] .
All solid phases except C-S-H are considered as elastic isotropic [6] and their Young Moduli and Poisson's ratios are reported in table 2. SEM images of a cement paste show the needle-like ettringite and the plate-like portlandite [56] The viscoelastic Poisson's ratio ν of the cement paste is estimated: a bulk relaxation test and a shear relaxation test are performed based on the relaxation tensor estimated by the Mori-Tanaka scheme and equation (7) is applied. The viscoelastic Poisson's ratio ν changes with time of loading t 0 and time elapsed since loading t. Consequently, the approximated viscoelastic Eshelby's tensor is needed at the mesoscopic scale.
the long-term creep properties of macroscopic cementitious materials [3] . The C-S-H is modeled as an aging viscoelastic material and its compliance is described in the next section.
The compliance of C-S-H
The compliance of the C-S-H is the one of the B3 model, as described in [6, 1] . The B3 model [57, 58] has been designed to estimate the mechanical behavior of concrete, including its basic creep. The creep compliance of the B3 model J B3 is the sum of two aging compliances. The first one J ea represents the effect of hydration at early age and the second one J q4 is irrecoverable, while satisfying the logarithmic long term trend of creep strains of concretes.
The aging of a cement paste is treated as a consequence of volume growth of the loadbearing solidified matter (hydrated cement) whose compliance Φ is non-aging:
14 where λ 0 = 1 day. Although a value of n = 0.1 is used at concrete scale [57, 58] , higher values (n = 0, 24) have been used for a cement paste with high water to cement ratio [59] . At the nanometric scale of the calcium-silicate-hydrates (C-S-H), this parameter may be set at n ≈ 0.35 [6] .
The early-age compliance J ea (t, t ) of the solidifying cementitious material should satisfy the following conditions:
where v(t) is proportional to the volume fraction of load-bearing material at time t and C q1 is the dynamic part of the elastic stiffness. The inverse of this dynamic Young Modulus is q 1 = 0.6/E 28 where E 28 is the measured elastic stiffness at 28 days.
According to the B3 model, v(t) reads:
where w/c is the water to cement weight ratio. q 2 is related to q 1 and the elastic stiffness at 28 days E 28 . As performed in [6] , the values of E 28 , q 1 and q 4 are based on nanoindentation measurements of the elastic modulus of C-S-H [60, 61, 62] . These values are written in table 2.
Following [1] , the function v(t) is modified under the assumption that aging stops once the Young modulus reaches 1.1 times the Young modulus at 28 days and v(t) must remain below a maximum value v max , which reads:
A irrecoverable part of creep strain ε q4 in cementitious materials is taken account of in the second compliance J q4 (t, t ). This aging compliance features a logarithmic long term trend:
where the inverse of the Young modulus of C q4 is q 4 = 2.10 −6 MPa −1 for a saturated cement paste [6] .
The proposed approximated homogenization scheme does not require the conversion of the compliance of the B3 model into a series of Kelvin chains. Such a conversion is useful to enable 3D numerical simulations relying on internal variables [6, 8] or to provide a microstructural interpretation of the compliance in which the characteristic times of the Kelvin chains can be related to the distribution of dimensions and the interface viscosity of viscous microscopic interfaces [63, 64, 65] .
Results on fiber-reinforced concrete
The estimate of the time dependent strains produced by the approximated homogenization scheme are to be compared to the time-dependent strains measured by Chern and Young [2] . Then, the effects of the volume fraction and aspect ratio of the steel fibers on the time-dependent strains of fiber-reinforced concrete are estimated. 15 
C-S-H
Viscoelastic nanoindentation Young modulus E 2.6s 25 GPa volume fraction 47% ν 0.24 aspect ratio 1 parameters of model B3 w/c 0.5 E 28 16.4 GPa q 1 0.
Comparison with experimental results
Chern and Young [2] have performed creep tests on sealed samples of fiber-reinforced concrete, among other tests. Their study was focused on the influence of the volume fraction of steel fibers and time of loading on the time-dependent strains. The volume fraction of steel fibers was c f = 0%, 1% and 2%, their aspect ratio was a/b =44 and the times of loading were t 0 = 7 and 28 days. Since the water to cement ratio was 0.5 and little is known about the cement paste, the volume fraction at the scale of the cement paste are kept unchanged, as in table 2. The volume fraction of aggregates is arbitrarily set to 60%: even if the aggregate to cement weight ratio is known, the density of the aggregates are not provided. It is to be noticed that the Young modulus at 28 days of the concrete without fiber is 23.5 GPa, that is much lower that the Young Moduli of concrete with comparable w/c measured by Granger (31.9 to 38.6 GPa) [66] . This discrepancy is attributed to the quality of the aggregates and their Young modulus is set to 35 GPa. The time-dependent strains during a creep test are estimated, the instantaneous Young modulus E(t 0 + 0.01days, t 0 ) and the apparent Young modulus 170 days after loading E(t 0 + 170days, t 0 ) are compared to the experimental results of Chern and Young [2] in table 3 and in figure 5 . There is a difference between the estimated moduli and the measured ones, especially at long term: the multi-scale homogenization procedure underestimates the time-dependent strains. This difference is partly attributed to the temperature of the experiments (23°C) which is higher than the temperature used in the B3 model (20°C). However, a perfect match was not expected given the number of approximations that have been performed. Moreover, the parameters of the B3 model have not been modified to reduce the difference between the estimated long term Young moduli and the measured ones. Nevertheless, it should be emphasized that the trends of the estimates follow the ones of the experimental measurements for both the volume fraction of steel fibers and the time of loading. Indeed, our results are consistent with the experimental observations of Chern and Young [2] : the effect of steel fibers on the long term strain is larger than the effect on the instantaneous strain and concrete specimens containing higher volume fraction of fibers yield less basic creep. Moreover, the estimates of strains and the measurements of Chern and Young [2] are ranked in the same order: in both cases, loading a plain concrete at 28 days was more efficient at reducing creep strains that loading at 7 days a fiber-reinforced concrete featuring a volume fraction of fibers of c f = 1%. [2] are compared to the estimates of the multi-scale homogenization method.
Influence of the steel fiber
The aspect ratio of steel fibers being set to a/b = 44, the estimate of the timedependent strain is computed for different volume fractions of steel fibers c f . As shown in figure 6a, a volume fraction of 2% reduces the time-dependent strains. The steel fibers are expected to be more effective at reducing the long-term creep strains of the fiber-reinforced concrete. This expectation is consistent with the experimental results of Chern and Young [2] .
The volume fraction of steel fibers being set to c f = 2%, the influence of the aspect ratio of fibers is studied and results are displayed on figure 6b. It is shown that the aspect ratio significantly affects the estimated time-dependent strains of the fiber reinforced concrete. Indeed, spherical steel inclusions are expected to be less efficient at reducing these strains than elongated fibers. The higher the aspect ratio is, the more efficient the steel fibers are. Yet, changing the aspect ratio of a/b = 44 for a/b = 100 makes little difference. It should be mentioned that the distribution of the orientations of the fibers is assumed to be isotropic. It is known that wall-effects due to the mold, casting and vibrating the concrete can affect the distribution of the orientations of the fibers [67, 68, 69] .
Discussions
Regarding cementitious materials, it has been shown that a multi-scale homogenization of aging viscoelastic concrete is now feasible. Yet, existing multi-scale models in the range of elasticity or non-aging viscoelasticity included more scales. For instance, two different classes of C-S-H, featuring different densities and mechanical properties are accounted for in [61, 70, 4, 62] and a softer Interfacial Transition Zone is introduced between the aggregates and the cement paste at the scale of mortar or concrete in [71, 72, 73, 74, 75, 76] . The main drawback of the homogenization method presented in the current article is that the volume fractions of each phase (unhydrated cement, 18 hydration products and porosity) are supposed to be time-independent while it is well known that these volume fractions change over time. Further research is necessary to account for changes of volume fractions related to the hydration of the cement paste, as performed in [77] . Accounting for the progressive hydration of the cement paste would allow the investigation of creep at early age, that is before 7 days [78] . For instance, in [79] , the influence of the composition of shotcrete on the load-level of tunnel shells has been successfully investigated using a micromechanics-based model where the aging is due to changes of the volume fractions of phases at the scale of the cement paste [5] .
The method exposed in the current article delivers an estimate of the complex Young Modulus of asphalt concrete which is similar to the analytical one in the Fourier space. Yet, from a practical point of view, the former is slower than the latter. Indeed, the computations in the Fourier space only consist in applying the Mori-Tanaka once for each frequency while the approximated scheme requires the introduction of time steps and an additional procedure to identify the complex Young Modulus of each frequency. The approximated scheme can become useful to handle complex loading histories at once or to upscale the mechanical properties of aging viscoelastic materials.
The usefulness of the approximated Eshelby tensor can be assessed by comparing the presented approximated estimates of the time-dependent strains to the one produced by assuming the Poisson's ratio of the matrix to be time-independent. For instance, in the latter, the compliance of the matrix is approximated as J m .
On the one hand, in the case of asphalt concrete, the overall time-dependent strains estimated by the approximated scheme are similar to those obtained by using the correspondence principle as a bulk creep test is considered (Fig. 6) . But the estimated time-dependent strains obtained by assuming the Poisson's ratio of bitumen to be timeindependent are one order of magnitude lower and these estimates are not consistent with those produced by using the correspondence principle. Thus, the fact that the Poisson's ratio of bitumen is time-dependent is not to be neglected. Indeed, as the Kelvin chains are adjusted to the 2S2P1D model of bitumen [22] , it must be noticed that the Poisson's ratio of each Kelvin chain was found to be close to 0.5. Consequently, the elastic bulk modulus is the only responsible for dilatational strains of bitumen and the asphalt concrete follows the same trend. Other materials share the same feature: the effect of the bulk viscosity is not considered as rubber [80, 81] is studied and the same assumption is made to model mixed oxides nuclear fuels [82, 83] , except in the case of hot pressing [82] . On the other hand, the estimated Poisson's ratio of the cement paste remains in the range [0.2; 0.3]. Consequently, the approximated scheme and the assumption of a timeindependent Poisson's ratio (ν = 0.212) lead to similar estimates of the time-dependent strains of a concrete featuring 60% of aggregates and 2% of voids: the relative differences between the overall estimated strains, computed using the approximated scheme as a reference, are lower than 2% in case of bulk creep test, shear creep test and uniaxial creep test. Moreover, the difference between the creep Poisson's ratio and the relaxation Poisson's ratio of the cement paste [84] can be investigated by the proposed approximated homogenization scheme. Results are consistent with the conclusions of Aili et. al. [84] : at the time of loading, both Poisson's ratios are equal to the elastic Poisson's ratio and the relative difference between the creep Poisson's ratio and the relaxation Poisson's ratio remains below 2% since the change of Poisson's ratio with time is moderate. Finally, 20
the approximated scheme proposed in the present article proves more comprehensive and more reliable as it is able to handle both asphalt concrete and concrete.
Conclusion
The homogenization method of Sanahuja [21] , which deals with spherical inclusions, was extended in [1] to ellipsoidal inclusions provided that the Poisson's ratio of the isotropic reference material is time-independent. In the current article, an approximated viscoelastic Eshelby's tensor is defined to handle any aging viscoelastic isotropic reference materials. Although the Mori-Takana scheme is the only homogenization scheme used in the present study, the same approximation can be performed for the Ponte Castañeda-Willis scheme [11] . The approximated viscoelastic Eshelby's tensor is successfully validated against existing estimates on the time-dependent behavior of asphalt concrete, which is modeled as a non-aging viscoelastic material. Lastly, accounting for the time-dependent Poisson's ratio of bitumen in the homogenization of asphalt concrete is required but the Poisson's ratio of the hardened cement paste can be assumed to be uniform as concrete is considered.
Moreover, since both the behaviors of phases and the overall behavior of the homogenized material are represented as matrices, multi-scale homogenization of complex aging viscoelastic materials, such as fiber-reinforced concrete, is achieved. The influence of steel fibers volume fraction and aspect ratio on the aging viscoelastic behavior of the concrete is studied by estimating the time-dependent strains thanks to the multi-scale homogenization scheme defined above. The lessons extracted from these estimates are consistent with the experimentally-based conclusions of Chern and Young [2] : the time-dependent strain of a concrete are reduced by adding steel fibers or by loading the concrete as late as possible. Moreover, the influence of steel fibers on the long term creep strains is larger than the one on the elastic strain.
Nevertheless, the multi-scale method presented in this article is limited: as-is, it is not able to account for changes of the volume fractions of phases during the hydration of the cement paste. Hence, the modeling of aging is rather crude and could be improved if the homogenization method of Sanahuja were extended to the case of variable volume fractions.
